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Answer ALL questions:

1. (a) For any sequence of sets {F;}, prove that m*(U;Z, E;) < ¥ 2, m"(E;).

(OR)
(b) Prove that the class M of Lebesgue measurable sets is a g-algebra. &)
(c) (1) Prove that every interval is measurable.
(i1) Prove that there exists a non-measurable set. (5+10)
{OR)

(d) Prove that the following statements regarding the set E are equivalen::
(1) E is measurable.
(ii)) €= 0, there exisis an open set 02 £ such that m" (0 — F) <e.
(iil) 17, a Gz —set, G 22 £ suck that m" (&G — E) = 0.
(iv) r€> 0, 3F, a closed set, F = E such that m*(E — F) <e.
v) F,afF, —set,F € E such that m*(E - F) = 0. (15)
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2. (a) Show that [ *—log~dx = 9 ¥, —

(OR)
(b) Let A and B be any two disjoint measurable sets. If ¢ is a simple function then prove that

(), 0dx = [, ddx+ [ (dx
(ii) fa@dx = a [ ¢dx. ifa=0. o)

(c) State and prove Lebesgue’s Monotone Convergence Theorem. (15)
(OR)

(d) (i) Prove that the following statements are equivalent:

1) f is a measurable function,

2) ¥, [x: f(x) = a] is measurable,

3) @, [x:f(x) < «]is measurable,

4) @, [x:f(x) < a] is measurable.

(ii) If fis Riemann integrable and bounded over the finite interval [a, b]. then prove that fis

integrable R j;f_fdx = ch fdx. 8+7)
3. (a) Show that every algebra is a ring and every g-algebra is a g-ring.
(OR)
(b) If ¢ is & real number and f, g are measurable functions, then prove that f + g and fg are
also measurable. (5)

(c) Let u* be an outer measure on K () and let §* denote the class of u* -measurable sets. Then
prove that §* isa & —ring and " restricted to §* isa Complete Measure.
(OR)




o0
(d) Prove that the outer measure u* on H (' ) defined by ,u*(E) = inf{ SUE)E e R,

n=l1

n=12,...Fc

iCs

En} and the corresponding outer measure defined by ji on S{R] and j on
1

5" are the same. (15)

(a) Let Y be strictly convex, then prove that Y(ffdp) = f » fdu if and only if f = [fdpa.e.
(OR)
(b) Define a convex function and prave that for a convex function { an (a, h) such that
a<s<t<u<b, then Y(s, t) < s, u). (5)

(c) (i) Let W be a functian on (a, b). Then prove that U is convex on (a, b) if and only if for each
xand ysuch that a < x << v < b, the graph of L on (a, x) and (v, &) does not lie below the
line passing through {x, yi(x)) and (v, {¥)).
(ii) Let {f,, I be a sequence of non-negative measurable functions and let f be a measurable function such that
fa = f in measure, then prove that [ fdu < liminf [ f,du. (7+8)
(OR)
(d) (i) State and prove Holder’s Inequality.
(ii) State and prove Jensen’s Inequality. (8+7)

(a) Let v be a signed measure and let , A be measure on [X, 8] such that u,4,v are
d dv d
o - finite, v« 1, u« A then prove that & —v—'u[/t] )
dA  dudld
(OR)

(b) Prove that the countable union of sets with respect to a signed measure ¥ is a positive set.  (5)

(c) (i) Let v be a signed measure on [[X, §]. Then prove that there exists a positive set Aand a
negative set Bsuchthat AU B = X, A B = ® . Prove further that it is unique to the extent

that if A;,B| and A,,B, are Hahn decomposition of X with respect to v, then AjAA, isa

v-null set.
(ii) Define Signed measure and total variation of a signed measure. (11+4)
(OR)
(d) State and prove Radon-Nikodym Theorem. (15)
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