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Answer all the questions:

1. (a) Let & be a region. Show that any analytic function f: & — € such that

|f(z)| <|f(a)| % z € G is constant. 5)
OR

(b) Define (i) Zeros of an analytic function (ii) index of a closed curve (iii) FEP homotopic (iv) Simply

connected. (5)

(c) (i} Let f be analytic in B(a; R) then prove that f(z) = Y5_,a,(z —a)™ for |z —a| <R waere

2.

an = — £ (a) and this series has radius of convergence = R.
(i1) State and prove Morera’s theorem. (7+8)
OR
(d) State and prove homotopic version of Cauchy’s thecrem. 1s)

2. (a) Define convex function and prove that a function f: [a, b] — [ is convex if and only if
A={(x,y):a<x < band f(x) <y} is convex. Q)
OR
(b) If a set & < L((:,£2) is normal then prove that the following conditions are satisfied:(i) for each z in
G, {f{z) : / € &} has compact closure in €} (ii} {¥ is equicontinuous at each point of G.
(5)

(c) Let @ < b and let (4 be a vertical strip {x + iy:a < x < b}. Suppose f: G~ — € is continuous and f'is
analytic in G. If we dzfine M: |a,b] = R by
M(x) = sup{|f(x + iv)|: —oo < y < oo}, and | f(z)| < B forall z in G, then prove that logM (x) is a
convex function. (15)
OR

(d) (1) State and prove Hadamard’s three circles theorem.
(i) Let & be a region which is not the whole plane and such that every non-vanishing analytic
function on & has an enalytic square root. If @ € & then prove that there is an analytic function f on
G such that (a) f(a) =0and f'(a) = 0(b) fisone-oncand  (¢) f(G) =D = {z: |z| < 1}.

(7+8)




3. (a) State and prove Gauss’s formula. S

OR
(b) Show that y = lim,, ., [(I +%+ ST i) - .Engul in the usual notation. Q)
(¢) (i) Define elementary factor and prove that |1 - h'pl[zjll < |z[P*1 for|z| =land p = 0.
(i1) State and prove Bohr-Mollerup theorem. (7+8)
OR

(d) (i) For Re z = 1 then prove that {(z)T'(z) = _l::ﬂ[:e* — 1)"teE g

(ii) If Re z > 0 then prove that /{z) :J‘[T e ft* 1 dt (7+8)
4. (a) Define rank, genus and order of an entire function. &)
OR
(b) State and prove Poisson-Jensen Formula. 5
(c) State and prove Mittag- Leftler’s theorem. (15)
OR
(d) State and prove Hadamard Factorization theorem. (15)

5. (a) Define elliptic function and prove that a non constant elliptic function has equally many poles as it has
ZEros. Q)
OR

~m{2z)
5
@) (5}

(c) (i) Prove that the 7eros ay, 4, ..., a, and peles by, by, .., b, of an elliptic function satisfy a, + a, +

(b) Prove that ,.'(z) =

ety = by + by +o+by(mod M).

. 1| £ (2= (un

(ii) Prove that (z +u) =— (2) — ,-(u) + ;(ﬁ) i 8+7)
OR

(d) (i) Show that {(z) :é + D wish (—1—+i+—;) and it is an odd function. Also show that

{z-w) w?

{'(z) =- (2).

(i1) Prove that a discrete module consists of either of zero alone, of the integral multiples nw of a single

complex number w # 0 or of linear combinations nyw; + n,;w, with integral coefficients of two

i . il
numbers wy, W» Wwith non real ratio == (8+7)
1
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