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a)(1) If f is a monotonically increasing functioncx is a continuous function on [a,b]
then prove thatlfJ(a) on [a,b].
OR
(2) Prove: 10(a) on [a,b] if and only if giveri]> 0O, there exists a partition P of [a,b
such that U (P, Ir) — L (P, f,a) <. (5)

b) (1) Let f: [a.b]- R be a bounded function andbe a monotonically increasing

b b
function on [a,b] then prove thzftfda sJ' fda. (8)
a a

(2) SupposeiR on [a,b]. If there is a differentiable functioroR [a,b] such that

F'(x) =f (x), x O [a,b] then prove tha? f (X)dx= F(b) — F(a). (7)
a
OR
(3) Let fO O(a) and d10(a) on [a,b] then prove that fg antlD0(a) on [a,b]. (7)
(4) Let fOO O(a) on [a,b] and nx f < M. Suppose thapis continuous on [m,M]. Define
h (x) =@ (f (X)), Ox O [a,b] then prove that AI(a) on [a,b]. (8)
I.
a) Prove the following results:

() IfABOL(R"R™) then|A+B|<|A|+|B| and

(i) FAOLR" R™)andBOL(R™ R") then|BA|<|B||A.

OR




(2) Suppose thaf maps a convex open sefER" into R", f is differentiable on E an

there exists a constant M such thét| < M, O x O E, then prove that

T ®)-T (@|<Mlb-al,0a bOE. )

b) (1) Suppose maps an open setER" into R". Then prove thatf O C'(E) if and

only if the partial derivatives jj exist and are continuous on E farilx mand ¥ j <n.
OR
(2) If X is a complete metric space an@ifs a contraction of X into X, then prove that

there exists one and only oné&lX such thatp (x) = x. (15)

.

a)(1) Prove that  (X), the set of all continuoe@mplex valued, bounded functions,
defined on X, is a complete metric space with respethe metric supremum norm.
OR

(2) If {f ,} is a sequence of continuous functions definede@nd if f, - f uniformly on

E, then prove that f is continuous on E. (5)

b)(1) Let a be monotonically increasing function on [a,b]. Eetll] (a) on [a,b],
n=1,2,..and letf - f uniformly on [a, b] then prove thatill (a) and

b b
j fda :j f da 7
a a

(2) Suppose that {f is a sequence of differentiable functions on [a3uppose that

{f n (X0)} converges uniformly on [a,b] to some functioarfd then prove that

f'(x)=lim f,(x),as x<h. (8)
OR
(3) State and prove Stone-Weierstrass theorm. (15)




V.

[o0]
a) (1)Suppose that the serieE cnxn converges forlx[k R, and define f (x) =
n=0

(0] (0]
z cnxn, (Ixk R). Then prove thatz cnxn converges uniformly on [-R+, RL{],
n=0 n=0

no matter whichJ>0 is chosen. And prove that the function f is carus and

00

differentiable in (-R,R) and '(x) = Z nCn xn_l, (Ixk R).
n=0
OR
(2) Expand f(x) = x,A< x <1, as a Fourier series with periott 2 (5)

(00]
b) (1) SupposeECn converges. Puf x(3 Z cnxn (-1< x <1). Then prove that
n=0

(0]
lim () = > c, - (7)
n=0
(2) State and prove Parseval’'s theorem. 8)

OR

(3) Explain with usual notations: Fourier seriashogonal and orthonormal system. A

prove the following theorem: Letgf} be orthonormal on [a,b]. Let §X) =

n
Z cmqim(x) be the H partial sum of the Fourier series of f and suppbae
m=1

n b ) b )
th(X) = Z quom(x). Then prove thaﬂf —Sn‘ dx < ﬂf —tn‘ dx and equality holds i
=1

a a
and only ify,= ¢, m=1,2, ...,n. (15)
V.
a) (1)Define Chebyshev polynomial and list dowrpitsperties.
OR




(2) If f has a derivative of order n at a poigt then prove that the Taylor Polynomial

n 1E(k)(XO) . | |
P(x) = kZ::o —a (x=x,)"is the unique polynomial such tht - P|| <[ f - Q|
whatever Q may be in @, (5)
b)(1) Given n+1 distinct pointsX 1, ..., X, and n+1 real numbers fdx f (x3),
f (X n) not necessarily distinct, then prove that thetiste one and only one polynomial

of degree< n such that P (x) = f (xj) for each j=0,1,2,...,n. and the polynomial is

by the f laP(x)= i i )%X h =11 ) (7)
glven yt e 1Tormu X wnere X) = X—X.
k=0 %) A I_L

|¢k

(2) Let Ppyp (X)=x i Q(x) where Q is a polynomial of degre@ and let

H Pn+1H =maximum of(P 41 (X)[, a< x < b. Then prove that we get the inequality
S T
H Pn+1H > n with equality holding if and only if
b _(b—a)n+1T 2x-a-b ®
n+1_22n+1 n+ll p-a |
OR

(3) Assume that the derivativét* Yexists on [a,b] and let T be the polynomial of

degree< n that best approximates f on [a,b] relative ®reximum norm. Then prove

that there are (n+1) distinct pointg,x 1, ..., X, in the open interval (a,b) such that for

each x in [a,b] we gef (x)=T(x) =—20 £ (M1 o) where A (x) = (x - ¥) (x -
(n+1)!
X1)...(X = Xp) and min { Xp, X1, ..., Xp X} < C <max { Xo, X1, ..., Xn X} (15)
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