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Answer ALL thequestions.

l. a) i) Let T be alinear operator on afinite dimensional space V and let ¢ be a scalar. Prove that
the following statements are equival ent.
1. cisacharacteristic value of T.
2. The operator (T-cl) issingular.

3. det (T-cl) =0.
(OR) (5)
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i)Let A=| -8 3 4| bethematrix of alinear operator T defined on R® with respect
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to the standard ordered basis. Provethat A isdiagonalizable.

b) i) Let T be alinear operator on afinite dimensiona vector space V. Prove that the minimal
polynomial for T divides the characteristic polynomial for T.
(OR) (15)
ii) Let V be afinite dimensional vector space over F and T be alinear operator onV. Then
prove that T istriangulableif and only if the minimal polynomial for T is aproduct of linear
polynomials over F.

[1.a) i) Let T be alinear operator on an n-dimensional vector spaceV. Let A be an n X n matrix.
Then prove that characteristic and minimal polynomialsfor T have the same roots, except for
multiplicities.

(OR) (5
i) Let W be an invariant subspace for T. Then prove that the minimal polynomial for T,
divides the minimal polynomial for T.
b) i) State and prove Primary Decomposition theorem.
(OR) (15)
ii) Let T be alinear operator on afinite dimensiona space V. If T isdiagonalizable and if
c,...,C, arethedistinct characteristic values of T, then prove that there exist linear operators
E,.....E, onV such that
(i) T=cE +..+CcE,.
(i) I =E +..+E,.
(H)EE; =0,i# j.
(iv) Each E;isaprojection.
(v) Therange of E; isthe characteristic space for T associated withc, .
[11.a) i) Let T be alinear operator on avector space V and W a proper T-admissible subspace of V.
Prove that W and cyclic subspace Z(ao; T) are independent.
(OR) (5
i) If 3B isan ordered basisfor W; 1 <i <k, then prove that the sequences B = (8 ..., Bs)
isan ordered basis of W.




b) i) Let T be alinear operator on afinite-dimensional vector space V and let W, be a proper
T-admissible subspace of V. There show that exist non-zero vectors a,,...,a, inV with
respective T-annihilators p,,..., p, are such that

i) V=Wez@;Te..®Z@,T)
(i) p, dividesp, -1Lk=2,..,r. (15)
(OR)
ii) Let T be alinear operator on afinite-dimensional vector spaceV. Let p and f be the
minimal and characteristic polynomialsfor T, respectively. Then prove that
() p dividesf.
(i) p and f have the same prime factors, except for multiplicities.
(iiiy  If p=fQ..f* isthe primefactorization of p, then f =f%...f%. whered; isthe nullity of
fi(T)" divided by the degree of f;.
IV. a) i) For any linear operator T on afinite dimensional inner product space V then prove that there
exists a unique linear operator T* on V such that (To/B) = (o/ T*B) for all o, B in V.
(OR) ©)

i) Define the Quadratic form g associated with a symmetric bilinear form f and prove that
f(a,b) :%q @a+b) —%q(a -b).

b) i) Let f be anon-degenerate bilinear form on afinite dimensional vector space V. Provethat the
set of al linear operators on V which preserve is agroup under the operation composition.  (8)

ii) State and prove Principal Axis Theorem. (7)
(OR)
i) Let V be acomplex vector space and f be abilinear form on V such that f(a, o) isreal for
every a. Then provethat f is Hermitian. (8

ii) Let f be aforrrl onafdrsV and let A be amatrix of finan ordered basis 8. Provefisapositive
formiff A=A and all the principal minorsof A areall positive. (7

V. a. i) Define: Bilinear forms, Bilinear function, Skew Symmetric Bilinear form, Positive forms.
(OR) ©)

i) Let F be the field of real numbers or the field of compl ex numbers. Let A be an nxn matrix
over F. Show that the function g defined by g(X, Y) =Y AX isapositive form on trle space F™
if and only if there exists an invertible nxn matrix P with entriesin F suchthat A =P P.

b) i) Let V be afinite dimensional vector space over the field of complex numbers. Let f bea
symmetric bilinear form on V which hasrank r. Then prove that there is an ordered basis
B ={b,,b,,..b.} for V such that the matrix of f in the ordered basis 8 is diagonal and

j=1,2,..r
f(b.b)) :{]‘ J_ }
0, j>r
(OR) (15)
i) If fisanon-zero skew-symmetric bilinear form on afinite dimensional vector space V then
prove that there exist afinite sequence of pairs of vectors, (a,,b,),(@,,b,),...(@,,b,) with the
following properties:
1)f(a;,b;)=1,j=12,...k 2)f(a;,a;)=f(b;,b,)=1(a;,b;)=0,i=].
3) If W, isthe two dimensional subspace spanned by a; andb, , then
V=W OW, ®..W, ®W, where W,isorthogonal toal a;and b, and

therestriction of f to Wpisthe zero form.
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