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PART A 

ANSWER ALL THE QUESTIONS                                         (𝟏𝟎 ∗ 𝟐 = 𝟐𝟎𝒎𝒂𝒓𝒌𝒔) 

1. Define a vector space over a field F. 

2. Determine whether 𝑇: 𝑅2 → 𝑅3 defined by 𝑇(𝑎, 𝑏) = (𝑎 + 1,2𝑏, 𝑎 + 𝑏) is a vector space 

homomorphism or not. 

3. Define inner product space. 

4. Let 𝑅3be the inner product space over R under the standard inner product. Find the norm of (3,0,4). 

5. If 𝑇 ∈ 𝐴(𝑉) and 𝜆 ∈ 𝐹 and 𝜆 is a characteristic root of T then prove that 𝜆𝐼 − 𝑇 is singular. 

6. Define singular and regular linear transformation. 

7. Define matrix of a linear transform. 

8. Define similar matrices. 

9. Define unitary linear transformation. 

10. If 𝑇 ∈ 𝐴(𝑉) is Hermitian, then prove that all its characteristic roots are real. 

PART B 

ANSWER ANY FIVE QUESTIONS                                           (𝟓 ∗ 𝟖 = 𝟒𝟎𝒎𝒂𝒓𝒌𝒔) 

11. If V is a vector space over  F then show that  

i) 0 0  for F   

ii) ( ) ( )v v    for ,F v V   . 

iii) If 0v ,then 0v   implies that 0  . 

12. If 𝑣1, … , 𝑣𝑛 is a basis of  𝑉 over 𝐹 and if 𝑤1 , … , 𝑤𝑚 in 𝑉are linearly independent over 𝐹 then prove 

that 𝑚 ≤ 𝑛. 

13. State and prove Schwartz inequality. 

14. If  𝑉 is finite-dimensional over  𝐹 then prove that 𝑇 ∈ 𝐴(𝑉) is singular if and only if there exists a 

𝑣 ≠ 0 in V such that 𝑣𝑇 = 0. 
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15. If F is a characteristic root of )(VAT  , then prove that for any polynomial ( ) [ ]q x F x , ( )q   is 

a characteristic root of 𝑞(𝑇). 

16. If  𝑉 is 𝑛 −dimensional over  𝐹 and if 𝑇 ∈ 𝐴(𝑉) has all its characteristic roots in 𝐹 then prove that 𝑇 

satisfies a polynomial of degree 𝑛 over𝐹. 

17. If 𝑇 ∈ 𝐴(𝑉) then prove that 𝑇∗ ∈ 𝐴(𝑉), also prove that  

i)(𝑇∗)∗ = 𝑇; 

ii) (𝑆 + 𝑇)∗ = 𝑆∗ + 𝑇∗; 

    iii) (𝜆𝑆)∗ = 𝜆̅𝑆∗; 

    iv) (𝑆𝑇)∗ = 𝑇∗𝑆∗ ; 

for all 𝑆, 𝑇 ∈ 𝐴(𝑉) and all F . 

18. If 𝜆 is a characteristic root of the normal transformation N and if 𝑣𝑁 = 𝜆𝑣 ,then  prove that 𝑣𝑁∗ = 𝜆̅𝑣. 

 

PART C 

ANSWER ANY TWO QUESTIONS                                             (𝟐 ∗ 𝟐𝟎 = 𝟒𝟎) 

19. a) If 𝑉 is  finite-dimensional and if 𝑊 is a subspace of  𝑉, then prove that 𝑊is finite-

dimensional,𝑑𝑖𝑚𝑊 ≤ 𝑑𝑖𝑚𝑉 and dim 𝑉
𝑊⁄ = dim 𝑉 − dim 𝑊. 

b)  If 𝑉 and 𝑊 are of dimensions 𝑚and𝑛, respectively, over 𝐹, then prove that 𝐻𝑜𝑚(𝑉, 𝑊) is of 

dimension 𝑚𝑛 over 𝐹.   (10+10) 

20. a) State and prove Gram-Schmidt orthonormalization process. 

b) If 𝑉a finite-dimensional inner product space is and if 𝑊a subspace of is 𝑉 then prove 

thatV W W   .(15+5) 

21. a) If 𝑉 is  finite-dimensional over 𝐹, then prove that𝑇 ∈ 𝐴(𝑉) is regular if and only if maps 𝑉 onto 𝑉. 

b) If  𝜆1, 𝜆2, … 𝜆𝑘 in 𝐹 are distinct characteristic roots of 𝑇 ∈ 𝐴(𝑉) and if  𝑣1, 𝑣2, … 𝑣𝑘 are 

characteristic vectors of T belonging to𝜆1, 𝜆2, … 𝜆𝑘, respectively then prove that 𝑣1, 𝑣2, … 𝑣𝑘are 

linearly independent over𝐹.   (10+10) 

22. a) If 𝑉  is 𝑛-dimensional over 𝐹, and if )(VAT  has the matrix )(1 Tm  in the basis 𝑣1, … 𝑣𝑛and the 

matrix )(2 Tm  in the basisand  𝑤1, … 𝑤𝑛of 𝑉over 𝐹, then prove that there is an element 𝐶 in nF   such 

that 
1

12 )()(  CTCmTm . 

b) If 𝑉is  finite-dimensional over 𝐹, then for𝑇, 𝑆 ∈ 𝐴(𝑉) prove that 

i)   𝑟(𝑆𝑇) ≤ 𝑟(𝑇) 

    ii)  𝑟(𝑇𝑆) ≤ 𝑟(𝑇) 

    iii) 𝑟(𝑆𝑇) = 𝑟(𝑇𝑆) = 𝑟(𝑇)forS is regular in 𝐴(𝑉).                                          (10+10) 
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